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RESUMEN
Se utiliza la ecuación de advección-difusión para describir la dispersión de contaminantes en un área limitada. 
Se sugieren métodos para prevenir niveles peligrosos de contaminantes en zonas de importancia ecológica. 
Los métodos se basan en el control de las tasas de emisión de las fuentes y utilizan estimaciones directas y 
adjuntas de la concentración media de la contaminación en las zonas. Mientras que las estimaciones directas 
utilizan las soluciones del problema de transporte de un contaminante y permiten llevar a cabo el estudio de 
la situación ecológica en todo el dominio, las estimaciones adjuntas permiten la obtención de información 
sólo en las zonas seleccionadas del dominio. Las estimaciones adjuntas se obtienen por medio de soluciones 
al problema adjunto y dependen explícitamente de las posiciones de las fuentes y sus tasas de emisión, así 
como de la distribución inicial del contaminante en la región. En cada estimación, la solución al problema 
DGMXQWRVLUYHFRPRODIXQFLyQGHLQÀXHQFLDTXHPXHVWUDODFRQWULEXFLyQFXDQWLWDWLYDGHFDGDIXHQWHDODFRQ-
taminación de la zona correspondiente. Por lo tanto, las estimaciones adjuntas constituyen una herramienta 
PX\H¿FD]HQHOHVWXGLRGHODUHVSXHVWDGHOPRGHORDORVFDPELRVHQODVWDVDVGHHPLVLyQ\ODVFRQGLFLRQHV
iniciales, así como en el desarrollo de estrategias de control. Se sugieren varias estrategias de control óp-
WLPDV\VX¿FLHQWHVQRySWLPDV&DGDHVWUDWHJLDFRQVLVWHHQUHGXFLUODVWDVDVGHHPLVLyQGHODVIXHQWHV\
GH¿QHODLQWHQVLGDGPi[LPDDGPLVLEOHHQFDVRGHFRQWUROySWLPRRXQDLQWHQVLGDGVX¿FLHQWHHQFDVRGH
FRQWUROVX¿FLHQWHGHFDGDIXHQWHSDUDHYLWDUYLRODFLRQHVGHODVQRUPDVVDQLWDULDV(QHOGLVHxRGHGLFKRV
FULWHULRVVHKDQWRPDGRHQFXHQWDODVFRQGLFLRQHVGLQiPLFDVGHODDWPyVIHUDRHORFpDQRPDUHVGHFLUORV
procesos de propagación, dispersión y transformación de contaminantes, así como el número de fuentes que 
se controlan, sus ubicaciones y las normas sanitarias. Los métodos de control desarrollados se ilustran con 
ejemplos sencillos, utilizando los modelos de dispersión bidimensionales. Sin embargo, dichos métodos 
también pueden aplicarse a los modelos tridimensionales. Como ejemplo, en la última parte del artículo, se 
considera un modelo tridimensional de la dispersión. Además, para ampliar el ámbito de aplicación de los 
métodos de control de la intensidad de las fuentes, las estrategias de control óptimo se aplican a una fuente 
TXHHPLWHXQDVXVWDQFLDTXtPLFDSDUDOLPSLDUVLVWHPDVDFXiWLFRVFRQWDPLQDGRVFRQELRSHOtFXODVUHPHGLDFLyQ
RSHWUyOHRELRUUHPHGLDFLyQ
ABSTRACT
The advection-diffusion equation is used for describing the dispersion of pollutants in a limited area. Methods 
for preventing dangerous levels of pollutants in ecologically important zones are suggested. The methods 
are based on the control of emission rates of sources and use the direct and adjoint estimates of the average 
pollution concentration in the zones. While the direct estimates use solutions of the pollution transport prob-
lem and permit to study the ecological situation in the whole domain, the adjoint estimates allow getting 
information only in the selected zones of the domain. The adjoint estimates are obtained with solutions to 
the adjoint problem and depend explicitly on the positions of the sources and their emission rates, and on 
the initial distribution of pollutants in the region. In each such estimate, the adjoint problem solution serves 
DVWKHLQÀXHQFHIXQFWLRQWKDWVKRZVWKHTXDQWLWDWLYHFRQWULEXWLRQRIHYHU\VRXUFHLQWRWKHSROOXWLRQRIWKH
FRUUHVSRQGLQJ]RQH7KLVPDNHVWKHDGMRLQWHVWLPDWHVYHU\HI¿FLHQWWRROVLQWKHVWXG\RIWKHPRGHOUHVSRQVH
to changes in emission rates and initial conditions, as well as in the development of control strategies. Both 
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QRQRSWLPDOVXI¿FLHQWDQGRSWLPDOFRQWUROVWUDWHJLHVDUHVXJJHVWHG(DFKVWUDWHJ\FRQVLVWVLQUHGXFLQJWKH
HPLVVLRQUDWHVRIVRXUFHVDQGGH¿QHVPD[LPXPDOORZDEOHLQWHQVLW\LQFDVHRIRSWLPDOFRQWURORUVXI¿FLHQW
LQWHQVLW\LQFDVHRIVXI¿FLHQWFRQWURORIHDFKVRXUFHWRDYRLGYLRODWLRQVRIK\JLHQHVWDQGDUGV6XFKFULWHULD
DUHGHVLJQHGWDNLQJLQWRDFFRXQWG\QDPLFFRQGLWLRQVLQWKHDWPRVSKHUHRURFHDQVHDWKDWLVWKHSURFHVVHV
of propagation, dispersion and transformation of pollutants, as well as the number of sources to control, 
their locations and the sanitary norms. The control methods developed are illustrated with simple examples 
using two-dimensional dispersion models. However, these methods can also be applied to three-dimensional 
models. As an example, in the last part of the article, a three-dimensional model of dispersion is considered. 
In addition, to expand the scope of application of the methods of control of the intensity of sources, the 
optimal control strategies are applied to a source that emits a chemical substance to clean aquatic systems 
FRQWDPLQDWHGZLWKELR¿OPVUHPHGLDWLRQRURLOELRUHPHGLDWLRQ
Keywords: Dispersion model, adjoint model, control of emission rates of sources.
1. Introduction
The main reasons for pollution in any environment 
are a huge global population and a modern lifestyle 
that demands and consumes large amounts of goods 
and services. For example, due to this demand, which 
has presented a steady increase in recent decades, 
large volumes of raw materials and fossil fuels are 
transformed to various pollutants released into the 
DWPRVSKHUH'RPHQHFK/ySH]&RURQDGRDQG
*XHUUHUR1XxR7KHHQYLURQPHQWKDVPHFK-
anisms to dilute and assimilate these pollutants and 
UHWXUQLQJWKHPWRQDWXUH6HLQIHOGKRZHYHU
during the last century, anthropogenic activities emit 
into the atmosphere at short intervals, such large vol-
XPHVRIVXEVWDQFHVLQFRQ¿QHGDUHDVFLWLHVLQGXV-
WULDOSDUNVHWFWKDWWKHPHFKDQLVPVRIDVVLPLODWLRQ
do not have time to recycle the excess of chemicals 
and to clean the atmosphere. The result is the accu-
mulation of different primary pollutants, leading to 
WKHJHQHUDWLRQRIVHFRQGDU\VSHFLHV6HLQIHOG
Wark et al 0DULQHVFXet al ZKLFK
form a mixture that produces a variety of damages 
WRKXPDQVDQGHFRV\VWHPV&DVHOOL
A pollutant, depending on its concentration and 
WR[LFLW\FDXVHVYDULRXVKHDOWKSUREOHPV.DZDGD
IURPUHVSLUDWRU\GLVFRPIRUWLQKHDOWK\SHRSOH
to the increase in mortality among vulnerable popu-
ODWLRQVFDUGLDFSDWLHQWVFKLOGUHQHOGHUO\SHUVRQV
HWF$Q\ZD\SROOXWLRQLVDIDFWRUWKDWGLPLQLVKHV
the quality of life of human beings. Unfortunately, the 
impact of mixing of pollutants in ecosystems can 
be not only local, as in the case of photochemical 
VPRJ%UDYRet alEXWDOVRUHJLRQDODVLQ
WKH DFLG SUHFLSLWDWLRQ %HLONH DQG(OVKRXW 
Rodhe et alRUJOREDODVWKHSKHQRPHQRQ
of destruction of the ozone layer and global climate 
FKDQJH5LYHUD5XELQVWHLQ.DUQRVN\
et al,
Consequently, it is important to design methods for 
controlling emissions and reducing the concentration 
of hazardous substances to acceptable health standards 
3URJUDPPDGL5LFHUFD3pUH]6HVPD7R
this end, mathematical models of pollutant dispersion 
DVZHOODVWKHLUDGMRLQWPRGHOVDUHXVHG0DUFKXNDQG
6NLED 0DUFKXN 3DQRV DQG6HLQIHOG
6NLED'DY\GRYD%HOLWVND\Det al
2001; Skiba and Parra-Guevara 2000; Parra-Guevara 
DQG6NLED/LXet al
.RZDORN0RUHLUDet al 
Hinze et al0HQGR]DDQG*DUFtD
The pollutant dispersion models permit us to car-
ry out the computer-simulation of concentrations of 
various primary and secondary pollutants in a region 
6NLED6NLEDDQG3DUUD*XHYDUD
 +XVVDLQ 'RUDGR DQG0RUHLUD
Hongfei, 2010; Hongfei and Hongxing, 2011; 
Parra-Guevara et al, 2010; Fu and Rui, 2011, 2012; 
Li et al D DQG WKHUHE\ LGHQWLI\ WKHGRPDLQV
where the emissions have a greater impact. The method 
allows identifying the main sources of excessive pol-
OXWLRQLQDVHOHFWHG]RQHUHVLGHQWLDODUHDSDUNIRUHVW
HWF,QSDUWLFXODULWFDQEHXVHGIRUWKHHYDOXDWLRQRI
SROOXWLRQOHYHOVGXHWRRLOVSLOOV6NLED
6NLEDDQG3DUUD*XHYDUD'DQJet alRU
WRYHKLFXODUHPLVVLRQVDORQJWKHPDLQURDGV6NLEDDQG
Davydova-Belitskaya, 2003; Chiou and Chen, 2010; Li 
et al, 2012b; 6KD¿TDQG,TEDOIRUHVWLPDWLQJ
parameters which describe the source location and 
VWUHQJWK.HDWVet alDEIRUWKHGHWHFWLRQRI
industrial plants which violate the emission rates, pre-
VFULEHGE\VRPHFRQWUROVWUDWHJ\6NLEDIRUWKH
reconstruction of an unknown number of contaminant 
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VRXUFHV<HHRUIRUWKHRSWLPDOORFDWLRQRID
new industrial enterprise, so that its operation will not 
violate health standards in ecologically most important 
]RQHV0DUFKXN6NLEDet al7KH
method can also be used to install safety devices in 
high-risk areas to prevent accidents or unauthorized 
discharges of contaminants and design emission con-
WUROVWUDWHJLHVIRUDOUHDG\H[LVWLQJLQGXVWULHV3HQHQNR
DQG5DSXWD-KLK6K\DQJ3DUUD*XHYDUD
DQG6NLEDDE=XQGHODQG5HQW]<DQDQG
=KRX
In the present work, an approach based on using 
dispersion models and corresponding adjoint models 
is suggested to estimate pollution levels and gener-
ate some strategies to control emission rates. These 
strategies include a restriction of emissions of pol-
lution sources in order to meet sanitary norms. Due 
to the fact that the sanitary standards represent time 
averages, the proposed control strategies are aimed 
at reducing the average concentration of pollutants 
in a given time interval and region, to an acceptable 
level. Some control strategies are considered in cases 
when the dispersion model predicts a violation of 
sanitary norms.
There are two approaches to monitor and control 
the emission of pollutants and protect the environ-
PHQWLQODUJHLQGXVWULDOUHJLRQV7KH¿UVWDSSURDFK
called “technological path” uses “green” technologies 
in order to maintain the lowest level of emissions of 
dangerous pollutants. The second approach consists 
in establishing various criteria for controlling the 
emission rates of pollutant sources, and presents a 
VLJQL¿FDQWPDWKHPDWLFDOLQWHUHVW
To illustrate the main mathematical ideas of the 
control methods, we will often use a simple two-di-
PHQVLRQDO YHUWLFDOO\ LQWHJUDWHG WUDQVSRUWPRGHO
RI SDVVLYH SROOXWDQWV ie WKH VXEVWDQFHVZKRVH
chemical reactions are described by means of a linear 
law. Of course, all the suggested methods can also 
be applied to a three-dimensional pollution transport 
model. On the other hand, the experience gained in 
the development of such strategies for the atmosphere 
has allowed expanding the scope of their application 
ÈOYDUH]9i]TXH] et al., 2008, 2010, 2011; Cheng 
et al*DUFtD&KDQet alIRUFOHDQLQJ
UHPHGLDWLRQ DTXDWLF V\VWHPVSROOXWHGE\ELR¿OPV
RUSHWUROHXP3DUUD*XHYDUDDQG6NLED6NLED
and Parra-Guevara, 2011; Parra-Guevara et al
2. Pollution dispersion model in a limited area
To simplify the study, we will often consider a 
WZRGLPHQVLRQDO YHUWLFDOO\ DYHUDJHG SUREOHPRI
pollutant dispersion. The three-dimensional problem 
is applied in this work only in the numerical exper-
iment related to the remediation of contaminated 
aquatic systems. In addition, we will always consider 
the process of dispersion of contaminants separately 
IURPWKHÀXLGG\QDPLFVSUREOHPVXSSRVLQJWKDWWKH
transport velocity and other dynamic parameters of 
the problem are known from observations or some 
dynamic model.
21 %oundar\ and initial conditions
Suppose that in a two-dimensional limited domain 
' with boundary S, there are N industrial factories 
located at points ri   xi, \i i = 1, 2, ..., N. Let 
׋r, t EH D FRQFHQWUDWLRQRI D SROOXWDQW LQ SRLQW 
r x, \DQGPRPHQWt > 0. To study the propaga-
WLRQRIWKHFRQWDPLQDQWLQWLPHLQWHUYDOTZH
consider in the domain 'DQGWLPHLQWHUYDOT
the advection-diffusion-reaction equation
( ) ( ) ( , )div div = f t
t
μ+ + rU  
where Ur, t ^ur, tvr, t`LVWKHZLQGYHORFLW\
vector, ır, t > 0 characterizes the speed of expo-
nential decay of ׋r, tGXHWRYDULRXVSK\VLFDODQG
chemical processes, μr, t!LVWKHWXUEXOHQWGLI-
IXVLRQFRHI¿FLHQW¢ is the 2D gradient,
1
( , ) ( ) ( )
N
i i
i
f t Q t
=
r r r  
Qit LV WKH HPLVVLRQ UDWH RI WKH ith industry, and 
įr–riLVWKH'LUDFIXQFWLRQ1XPHULFDOH[SHULPHQWV
show that parameterization ı׋ is quite good in the 
case of such contaminants as CO, SO2, Pb, C, etc. 
6KLUDQG6KLFK
It is assumed that velocity Ur, tLVNQRZQIURP
REVHUYDWLRQVRUVRPHG\QDPLFPRGHODQGVDWLV¿HV
the continuity equation
div U   
(TLVVROYHGZLWKWKHLQLWLDOFRQGLWLRQ
׋r ׋0rDWt  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Normally the pollution flux through the open 
boundary S of limited area ' is unknown, and the 
HUURUVPDGH LQGHWHUPLQLQJ WKHÀX[PD\SURSDJDWH
inside the domain by advection and diffusion, perturb-
ing or destroying the solution. Also, errors in the initial 
FRQGLWLRQDQGHPLVVLRQUDWHVQitFDQPRGLI\WKH
solution. It is therefore important to put such boundary 
conditions, under which the problem will be posed 
correctly in a limited area, both physically and mathe-
PDWLFDOO\0DUFKXNDQG6NLED0DUFKXN
For this purpose, we introduce the projection 
Un = U · n of velocity U on the unit external normal n 
to the boundary S of domain ', and divide the whole 
ERXQGDU\LQWRWKH³LQÀRZ´SDUWS–ZKHUHUn < 0, and 
WKHSROOXWLRQÀX[LVGLUHFWHGLQVLGH'DQG³RXWÀRZ´
part S+ZKHUHUnDQGWKHSROOXWLRQÀX[LVGLUHFW-
ed outside ' )LJ7KHQZH WDNH WKH IROORZLQJ
boundary conditions: 
0 at 
0 atn
=     S
n
=     SUn
μ
μ
+
 
0DUFKXNDQG6NLED6NLED Skiba and 
3DUUD*XHYDUDVKRZHGWKDWSUREOHP
LVZHOOSRVHGDFFRUGLQJWR+DGDPDUGWKDW
is, it has a unique solution that continuously depends 
on the initial distribution ׋0rDQGRQWKHQXPEHUN, 
emission rates QitDQGSRVLWLRQVri of the industries.
22 (Tuations for tKe total mass and norm of solution
/HWXV LQWHJUDWH(T RYHUGRPDLQ' and apply 
FRQGLWLRQVDQG7KHQZHREWDLQWKHEDODQFH
equation for the total mass of pollutant:
 
One more integral equation is obtained if we 
PXOWLSO\(TE\׋r, tDQGLQWHJUDWHWKHUHVXOW
over ':
2
1
2 ( ) ( , )
N
ii
iD
d Q t t
t
r r
=
=
2 222 ( ) n
SD
d U dSrμ+
 
(TVDQGPHDQWKDWERWKWKHWRWDOFRQFHQ-
WUDWLRQ' ׋ dr and the solution norm ||׋__ ' ׋2 dr1/2 
LQFUHDVHXQGHU WKH LQÀXHQFHRIQRQ]HUR HPLVVLRQ
rates QitDQGDWWKHVDPHWLPHGHFUHDVHGXHWRGLV-
VLSDWLRQı > 0, μ!DQGDGMHFWLYHSROOXWLRQÀX[
through the boundary S of domain '. If fr, tŁ 0 
HPLVVLRQUDWHVDUHDEVHQWDQGLQDGGLWLRQWKHUHLV
QRGLVVLSDWLRQı = 0, μ DQGUn = 0 everywhere 
at boundary S, then both integrals are invariable:
( , )
D
t d const=r r ,   ( , )t const=r
Of course, these conservation laws are valid 
RQO\XQGHUDUWL¿FLDOFRQGLWLRQV1HYHUWKHOHVVWKHVH
WZRODZVDQGWKHEDODQFH(TVDQGDUHXVHIXO
in testing numerical algorithms and computational 
SURJUDPV6NLED
23 'escriStion of sources in tKe models
The forcing f r, tRI(TGHSHQGVRQWKHQDWXUH
of pollution source. In case of N industrial plants 
located in ')LJDf r, tLVGH¿QHGE\$QG
if the sources are distributed continuously along the 
main city roads Ri then
( , ) , if     
( , ) ( 1,2,..., )
0 , otherwise
i iQ t Rf t i N= =
r r
r
where Qir, tLVWKHUDWHRIHPLVVLRQRIDSROOXWDQW
along the road Ri, i = 1, 2,..., N6NLEDDQG'DY\-
GRYD%HOLWVND\D(YLGHQWO\DVXSHU¿FLDOO\
GLVWULEXWHGVRXUFHeJLQFDVHRI¿UHFDQEHGH-
scribed in like manner. However, as it is mentioned 
LQ6NLEDDQG'DY\GRYD%HOLWVND\DDQG3DU-
UD*XHYDUDDQG6NLEDWKHHPLVVLRQUDWHVQi 
r, tFRQWLQXRXVO\GLVWULEXWHGDORQJVRPHOLQHRiRU
VXSHU¿FLDOO\GLVWULEXWHGRYHUVRPHDUHDFDQDOVREH
GHVFULEHGLQWKHGLVFUHWHIRUPE\GLYLGLQJWKH
OLQHRUDUHDLQWRVPDOOSDUWVDQGGLVFUHWL]LQJWKH
function Qir, t)LJE7KLVPHWKRGZDVXVHGE\
Region D A
U
U
n
n
B
S+
S–
Un < 0
Un ≥ 0
Fig. 1. Limited area ' with open boundary S = S+
ŀ
S– of 
SUREOHP
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6NLEDDQG'DY\GRYD%HOLWVND\DWRLQWURGXFH
in the model the vehicular sources located along 
the main roads in Guadalajara City. Figure 3 shows 
the distribution of carbon monoxide concentrations 
FDOFXODWHGZLWKPRGHOE\XVLQJWKHFOLPDWLF
ZLQGVRIGU\VHDVRQDDQGUDLQ\VHDVRQE2QH
can see the importance of wind direction in the 
distribution of a pollutant.
3. Dual estimates 
)LJXUHVKRZVWKDWE\VROYLQJWKHSUREOHPZH
can study the behavior of pollutant concentration in 
any point of domain ' × , T+RZHYHUWKLVLVQRW
DQHI¿FLHQWZD\WRDQVZHUWKHLPSRUWDQWTXHVWLRQ7R
what extent this or that source is responsible for the 
contamination of a particular zone? It is much easier 
to answer the question with the adjoint approach, 
Av. Vallarta
Calzada
Independencia
Av. Javier Mina
Cl1
LM1
LM2
V1
V2
V3
V4
V5V6V7V8V9V10V11V12V13V14V15LC1
LC2
LC4
LC5
LC7
LC7
LC8LC9LC10LC11LC12LC13LC14
LC6
LC3
LM8
LM7
LM6
LM5
LM3
M4
Cl2
Cl3
Cl4
Cl5
Cl6
Cl7
Cl8
Cl9
J2
J1
J3
J4 J5
Cl10
Cl11
Cl12
Cl13
Cl14
Cl15
Av. López Mateos
Av. Lázaro Cárdenas
CH
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D3ULQFLSDOURDGVLQ*XDGDODMDUD&LW\DQGSRVLWLRQVRIPDMRULQGXVWULHVWKDWEXUQIRVVLOIXHOVDQGHPLWVXOIXU
GLR[LGHE'LVFUHWL]DWLRQRIYHKLFXODUVRXUFHVRI&2
Fig. 3. Isolines of CO concentration calculated at t PLQZLWKPRGHOXVLQJFOLPDWLFZLQGVRIGU\VHDVRQ
DDQGUDLQ\VHDVRQE
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widely used in the model sensitivity study and con-
WURO WKHRU\ 0DUFKXN DQG2UORY 7KHPDLQ
advantage of this approach is the use of solutions of 
adjoint problems as valuable information functions 
/HZLQV
31 AdMoint disSersion model
The adjoint dispersion model in domain ')LJDQG
WLPHLQWHUYDOTLVFRQVWUXFWHGZLWKWKHKHOSRIDQ
RSHUDWRUWKDWLVDGMRLQWWRWKHRSHUDWRURIPRGHO
7KHDGMRLQWRSHUDWRULVGH¿QHGE\PHDQVRI/DJUDQJH
LGHQWLW\0DUFKXNDQG6NLED0DUFKXN
and the adjoint model accepts the form
( ) ( ) ( , )   g div g g div g p t
t
μ+ = rU
(0, )D Tin

gr, T LQ' 
0 at  
0 at  
n
g U g S
n
g S
n
μ
μ
++ =
=
 
,Q(T  WKHZLQGYHORFLW\Ur, t DQGFRHI¿-
cients μr, tDQGır, tDUHWKHVDPHDVLQ(T
/HWXVFRPSDUHWKHGLVSHUVLRQSUREOHPZLWK
DGMRLQWGLVSHUVLRQSUREOHPLQWKHFDVHZKHQ 
fr, tŁDQGSUWŁ2QHFDQVHHWKDWDIWHUXVLQJ
the substitution t´= T – tLQ(TLWGLIIHUVIURP(T
RQO\LQWKHVLJQRIYHORFLW\U$VDUHVXOWWKHLQÀRZ
part S–DQGRXWÀRZSDUWS+RISUREOHPVDQG
DUHVZDSSHG7KLVIDFWH[SODLQVZK\WKHERXQGDU\
FRQGLWLRQVDUHUHSODFHGE\WKHFRQGLWLRQV,W
also shows that the adjoint problem is well posed only 
if it is solved in the opposite time direction: from t = T 
to t 6NLEDDQG3DUUD*XHYDUD7KDWLVZK\
ZHWDNH³LQLWLDO´FRQGLWLRQDWWKHPRPHQWt = T.
32 'ualit\ SrinciSle
We now show how to define the forcing Sr, t 
of the adjoint problem and explain the importance of 
the adjoint solution gr, t6XSSRVHLWLVUHTXLUHGWR
determine the mean concentration of pollutant ׋r, t
LQVRPHHFRORJLFDOO\VHQVLEOH]RQHȍ ŀ ' and time 
LQWHUYDOT – Ĳ, T/HWȦr, tEHDSRVLWLYHIXQFWLRQ
LQGRPDLQȍîT – Ĳ, TVXFKWKDW
( , ) 1
T
T
t d dt =r r ,
and hence, the integral
( ) ( , ) ( , )
T
T
J t t d dt= r r r  
represents an average concentration of pollutant ׋r, t
LQVSDFHWLPHGRPDLQȍîT – Ĳ, T
:HQRZ VXEWUDFW WKH(T  SUHPXOWLSOLHGE\
׋r, tIURPWKH(TSUHPXOWLSOLHGE\gr, tDQG
integrate the result over domain 'îT7KHLQLWLDO
DQGERXQGDU\FRQGLWLRQVDQGOHDGWKHQ
WR WKHGXDOLW\SULQFLSOH 0DUFKXNDQG6NLED
6NLEDDQG3DUUD*XHYDUD
0( ,0) ( )
D
g d+ r r r
1 00
( , ) ( , ) ( , ) ( )
TT N
i i
iD
p t t drdt g t Q t dt
=
=r r r
If forcing Sr, tLQLVGH¿QHGDV
( , )p t =r  
WKHQ WKH ODVWHTXDWLRQ OHDGV WRRQHPRUH HTXLY-
DOHQW HVWLPDWHRI DYHUDJHFRQFHQWUDWLRQRI FRQ-
taminant ׋r, tLQ]RQHȍDQGLQWHUYDOT – Ĳ, T
 
In the particular case that Ȧr, t Ĳ _ȍ_LQ
WKHGRPDLQȍî T – Ĳ, TZKHUH _ȍ_ LV WKH DUHD
RIȍ HVWLPDWH  OHDGV WR WKHPHDQ FRQFHQWUD-
tion of pollutant ׋r, t LQ WKHVSDFHWLPHGRPDLQ 
ȍîT – Ĳ, T
1( ) ( , )
T
T
J t d dtr r  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WKHVRFDOOHGdirect estimate$WWKHVDPHWLPH(T
SURYLGHVWKHHTXLYDOHQWGXDOadMoint estimate:
0
1 0
( ) ( , ) ( ) ( ,0) ( )
TN
i i
i D
J g t Q t dt g d
=
= +r r r r 
0DUFKXNDQG6NLED ,WPHDQV WKDW IRUFLQJ
Sr, tRIDGMRLQWSUREOHPFKDUDFWHUL]HVWKH
average concentration J׋ RI SROOXWDQW׋r, t LQ 
ȍîT – Ĳ, T$FFRUGLQJWRDGMRLQWHVWLPDWH
the concentration J׋LQ]RQHȍH[SOLFLWO\GHSHQGV
on the emission rates Qi tDQGLQLWLDOGLVWULEXWLRQ
׋0rLQ', and adjoint solution gr, tVHUYHVDVWKH
weight function that determines the contribution of 
each source QitDQGLQLWLDOSROOXWLRQOHYHO׋0rLQWR
the average concentration J׋LQȍ
Note that the role of initial distribution of con-
taminant ׋0rGHFUHDVHVZKHQWKHLQWHUYDOT – Ĳ
LQFUHDVHV6NLED5HDOO\E\Sr, tŁ 0 
LQ T – ĲDQGGXH WR WKHGLVVLSDWLRQSURFHVV
μ > 0, ı!WKHZHLJKWIXQFWLRQgrLQ
decreases as T – Ĳ increases. If grLVUHODWLYHO\
VPDOOWKHQLVUHGXFHGWR
1 0
( ) ( , ) ( )
TN
i i
i
J g t Q t dtr
=
=  
33 3articular Tualities of dual estimates
7KHGLUHFWHVWLPDWHDQGDGMRLQWHVWLPDWH
are equivalent and complement each other rather 
well in monitoring the current ecological state. 
Depending on the situation, one of these formulas 
PD\EH SUHIHUDEOH7KH GLUHFW HVWLPDWH  XVHV
the solution ׋r, tDQGKHQFHWKHSUREOHP
must be solved again whenever the number N of 
sources, their positions ri or emission rates Qi t
vary. Of course, the direct evaluation should be used 
if the pollution concentration is estimated in each 
point, or in many zones of domain '. However, 
such comprehensive information is rather costly 
DQGRIWHQXQQHFHVVDU\,QPDQ\FDVHVLWLVVXI¿FLHQW
WRNQRZYDOXHRQO\LQDIHZHFRORJLFDOO\PRVW
important zones of region '7KHQLWLVEHWWHUWR¿QG
the solutions gi r, tRIWKHDGMRLQWPRGHO
IRUHYHU\]RQHDQGXVHWKHDGMRLQWHVWLPDWHV
,QVRPHFDVHVWKHHVWLPDWHVJLYHDQLPPHGLDWH
VROXWLRQWRQRQWULYLDOSUREOHPV6NLEDet al
Dang et al$OVRWKHDGMRLQWHVWLPDWHVDUH
important to control the emission rates of pollution 
VRXUFHV,QFRQWUDVWWRSUREOHPWKHDGMRLQW
SUREOHPLVLQGHSHQGHQWRIWKHQXPEHURI
sources N, their positions ri and emission rates Qi t
and therefore its solution can be found for each 
zone 1 LQGHSHQGHQWO\ RI VSHFL¿F YDOXHV IRU DOO
these parameters. 
The adjoint method is especially useful when the 
dispertion problem is considered with time-indepen-
GHQWIRUH[DPSOHFOLPDWLFSDUDPHWHUVUrμrDQG
ır 6NLEDDQG'DY\GRYD%HOLWVND\D7KHQ
any solution to adjoint problem gr, tRQFHFDOFXODW-
HGIRUDVSHFL¿F]RQH1, can be reused for different 
parameters N, ri and Qit)LJV0RUHRYHUWKH
HVWLPDWHXVHVRQO\WKHYDOXHVgri, tLQWKHSRVL-
tions ri of sources, and therefore, there is no need to 
keep in a computer the values of adjoint solutions in 
all grid points. 
34 Sensitivit\ of estimates
Suppose that the number K RI]RQHVȍk ŀ ' k = 
1,...,K LVPXFK OHVV WKDQ QXPEHUN of pollution 
VRXUFHV7KHQ WKH DGMRLQW HVWLPDWHV  DUH YHU\
helpful and effective in studying the sensitivity of 
concentrations Jk ׋WRYDULDWLRQVLQHPLVVLRQUDWHV
QitSRVLWLRQVri and number N of sources, as well 
)LJ,VROLQHVRIVROXWLRQgr, tFDOFXODWHGIRUWKH+LVWRU-
ical Center of Guadalajara City with climatic rainy season 
wind at t = T±PLQGRWWHGOLQHVDQGt = T±PLQ
FRQWLQXRXVOLQHVT PLQ
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as to variations in the initial distribution of contam-
inant ׋0r
Let us derive a few sensitivity formulas. Due to 
WKHOLQHDULW\RISUREOHPLWLVHDV\WRREWDLQ
0
1 0
( ) ( ) ( ) ( ,0) ( )
TN
i i
i D
J = g ,t Q t dt g d
=
+r r r r 
where įJ׋LVDYDULDWLRQLQWKHPHDQFRQFHQWUDWLRQ
LQ]RQHȍGXHWRYDULDWLRQVLQ׋0rQitDQG
or N. 
If ri and riƍDUHWZRGLIIHUHQWSRVLWLRQVRIVRXUFHV
in domain ' then the ri-dependence of average con-
centration J׋LVJLYHQE\
 
$OOYDULDWLRQVLQDQGDUHDUELWUDU\:H
now obtain a general formula for analyzing the 
sensitivity of J׋ZLWKUHVSHFWWRVPDOOYDULDWLRQVRI
model parameters. In addition to solution ׋ to prob-
OHPZHDOVRFRQVLGHUWKHVROXWLRQ  
to perturbed problem
at
where
(a)
(b)
)LJ7HPSRUDOEHKDYLRURIWKHIXQFWLRQVgri, tFDOFX-
lated for the Historical Center of Guadalajara City, with 
FOLPDWLFUDLQ\VHDVRQZLQGDDQGGU\VHDVRQZLQGEDW
points riRIPDLQURDGVĲ  PLQT  PLQ
)LJ,VROLQHVRIVROXWLRQgr, tFDOFXODWHGIRUWKH+LVWRU-
ical Center of Guadalajara City with climatic dry season 
wind at t = T±PLQGRWWHGOLQHVDQGt = T±PLQ
FRQWLQXRXVOLQHVT PLQ
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To simplify the study, we assume here that U´ 
and μ´ are reduced to zero at the boundary S and all 
the perturbations U´, ׋, μ´, ı´, į׋0 and įri are rather 
small. Then we can apply the adjoint method to the 
linearized equation
for perturbations ׋ and get

7KHODVWWZRWHUPVRIWKHULJKWKDQGVLGHRI
demonstrate the contribution of small perturbations 
U´, μ´, ı´, įri to variation įJ׋RIPHDQFRQFHQWUDWLRQ
J׋LQ]RQHȍ,WVKRXOGEHQRWHGWKDWLQFRQWUDVWWR
HVWLPDWHVDQGWKHODVWWHUPLQDOUHDG\
contains the solution ׋r, tRIQRQSHUWXUEHGSURE-
OHP7KXVVROXWLRQ׋r, tLVQRWXVHGRQO\LI 
U ı  HYHU\ZKHUHLQ'. Then only the adjoint 
SUREOHPPXVWEHVROYHG
4. Three simple strategies for pollution control
Let us formulate the problem of control of emission 
rates. Suppose that we have a model M that predicts 
the dispersion of a pollutant ׋ in a limited area ' ŀ Rm 
m DQGWLPHLQWHUYDOT
where QitLVWKHUDWHRIHPLVVLRQRIFRQWDP-
inant ׋ of the ith source located at ri  ' i = 1, 
2,..., N,QSDUWLFXODUFDQEHWDNHQDVVXFKD
PRGHO/HWWKHIXQFWLRQDOEHXVHGDVWKHPHDQ
concentration J׋RISROOXWDQW׋LQD]RQHȍ ŀ ' 
and time interval [T – Ĳ, T], and let J0 be a sanitary 
norm admissible for the pollutant ׋. If the model M 
gives an unfavorable forecast of air quality, that is, 
the mean concentration exceeds the sanitary norm: 
J׋!J0, then the emission rates  were excessive, 
DQGPXVWEHUHGXFHGLQLQWHUYDOT7KHLGHDLVWR
determine such reduced values *( ) ( )Q t Q t  in order 
to prevent high levels of pollutant ׋ in time-space 
GRPDLQȍî>T – Ĳ, T]. It means that the re-forecast 
with the reduced emission rates *  will give the 
satisfactory result: J׋J0.
This inverse problem may have many solutions 
or none, depending on the initial distribution of 
pollutant ׋0r LQ GRPDLQ' 3DUUD*XHYDUD DQG
6NLED6RLWLVDQLOOSRVHGSUREOHP
In order to get a well-posed problem, one should 
apply a regularization method that in a sense rep-
resents a control strategy. Let us consider three 
simple examples.
41 Strateg\ 1 Control of total mass of emitted 
Sollutant
7KLVFRQWUROVWUDWHJ\FDQEHGH¿QHGDVWKHIROORZLQJ
optimization problem:
F
N
Q Q J J
i
 
where dtTQiQi . Thus, QF  represents the 
total mass of pollutant ׋ emitted within interval [0, T] 
by N sources located at points ri with emission rates 
Qit7KHVROXWLRQRISUREOHPLV
 
3DUUD*XHYDUD DQG6NLED D3DUUD*XHYDUD
ZKHUHȖ1 + Ȗ2 + ··· + ȖN = 1,  
is the quota of the total mass of pollutant, emitted 
by the iWKVRXUFHZKHQLWZRUNVDWIXOOFDSDFLW\i = 
1,..., NDQG
 
42 Strateg\ 2 Control of temSoral EeKavior of 
emission rates
,WVKRXOGEHQRWHGWKDWWKHFRQWUROVWUDWHJ\KDVWKH
disadvantage that it may require stopping the sources 
for some time for the reason that the emission rates 
are proportional to the adjoint function gri, tZKLFK
can be equal to zero. Let us consider a new strategy 
of control that limits the behavior of emission rates 
LQTEXWGRHVQRWUHTXLUHVWRSSLQJWKHDFWLYLW\
of sources when the adjoint solution gri, tUHGXFHV
to zero.
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$JDLQZHVKRXOG¿QGVXFKQi*  L2T WKDW 
J׋J0. The idea is that intensity Qi*tRIWKHith 
source may be high while gri, tLVVPDOODQGQi*t
must be low while gri, tLVODUJH7KHDGYDQWDJHRI
WKLVDSSURDFK LV WKDW LQVRPHSHULRGVRI WLPHIRU
example, when gri, t WKHFRUUHVSRQGLQJVRXUFH
ZLOOEHDOORZHGWRRSHUDWHDWIXOOFDSDFLW\3DUUD*XH-
YDUDDQG6NLEDD3DUUD*XHYDUD 
/HWXVGH¿QHDX[LOLDU\IXQFWLRQV
where  and iI  denotes its 
longitude, įi is the maximum emission rate cor-
responding to the i th source, and [0, T]\ Ii is the 
complement of set Ii to set [0, T]. Then the solution is
 
43 Strateg\ 3 2Stimal time-indeSendent emission 
rates
Suppose that Qi is the maximum possible emission 
rate of ith source located at ri and
Assume that all sources operate at full capacity 
power that results in the violation of the sanitary 
norm: J׋ ! J0 DQGDQG WKLVPHDQV WKDW 
7RSUHYHQWWKHH[FHVVLYHSROOXWLRQRIWKH
]RQHVRPHHPLVVLRQUDWHVPXVWEHUHGXFHG:HQRZ¿QG
the maximum possible time-invariant emission rates 
Qi*Qi which minimize the values Qi – Qi*, do not 
lead to violation of the sanitary norm, giving the 
optimal result: J׋ J0, that is,
Let us reformulate this strategy as the optimization 
problem
F Q Q Q
Q
N
i
N
a
i
i i
ii
With Lagrange multipliers we obtain
 
3DUUD*XHYDUD DQG6NLED D3DUUD*XHYDUD
2EYLRXVO\Qi*Qi for all i, since Ȝ < 0, be-
sides Qi*§Qi for small Ȗi. Thus, this control results 
in limiting the emissions from the sources for which 
the corresponding values ai are large.
5. General strategy of optimal control 
Let
F q Q q Q q
qQ
N
i
i i dt
TL
EHDIXQFWLRQDOGH¿QHGLQWKHGRPDLQ
N J J
q q tTLt
i
i i
q
 
7KXVĬLVWKHVHWRIVXFKHPLVVLRQUDWHVq t  that 
guarantee the compliance with the sanitary standard 
LQD]RQHȍJ׋J0. The optimal control consists 
LQ¿QGLQJVXFKUDWHVQ t  that minimize the 
functional F q LQĬ
F Q F q
q
 
3DUUD*XHYDUDDQG6NLEDD3DUUD*XHYDUD
6NLEDDQG3DUUD*XHYDUD&OHDUO\WKH
control depends on the norm  used, and Q t  
is the optimal solution that represents the least re-
striction on the sources. This variational problem 
is generally solved with an iterative optimization 
method using successive evaluation of the dynamic 
model M(OEHUQDQG6FKPLGW5REHUWVRQ
DQG/DQJHU$VDJHQHUDOUXOHWKLVSURFHVV
is not very efficient because it requires many 
calculations due to the complexity of model M. 
Therefore we will now describe another method 
based on using the adjoint operator and adjoint 
model, which allows us to solve the problem of 
optimal control without consistent estimation of 
model M. 
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1RWHWKDWWKHVROXWLRQRISUREOHPGHSHQGVFULW-
ically on the parameter ĮGH¿QHGE\,QGHHGIRU 
Į WKHUHLVQRVROXWLRQWREHFDXVHWKHVWDQGDUGRI
health does not hold even if all emissions are reduced 
WR]HURWKDWLVDQ\SURGXFWLRQDFWLYLW\LVVWRSSHG7KH
following three results in this section were proved in 
3DUUD*XHYDUDDQG6NLED
TKeorem 1
Let Į = 0 TKen tKe oStimal control SroElem (26) Kas 
onl\ one solution
Q t
Q t t
t
T I
Ii
i i
iI
T g r ti
TKeorem 2
If Į ! 0 tKen tKe oStimal control SroElem (26) Kas 
tKe uniTue solution Q  sucK tKat Qi*tQit 
tTi N and J׋ J0
If there is only one source, the statement of The-
RUHPFDQEHUH¿QHG:
TKeorem 3
SuSSose tKat tKere is onl\ one source ZitK emission 
rate Qtlocated at tKe Soint r0 If Į > 0 and J׋ ! J0 
tKen
 
is tKe onl\ solution for tKe SroElem of oStimal control 
(26), on condition tKat it is a nonnegative function 
in [0, T].
In connection with Theorem 2, the set of potential 
VROXWLRQVLVUHGXFHGWR
 
$QDSSUR[LPDWHQXPHULFDOVROXWLRQWRWKHSURE-
lem of optimal control can be obtained with highly 
effective numerical algorithm of sequential orthog-
RQDOSURMHFWLRQV3DUUD*XHYDUDDQG6NLED
)URPWKHFRPSXWDWLRQDOYLHZSRLQWWKHQHZVHW
LVPXFKVPDOOHUWKDQDQGWKHUHIRUHSUHIHUDEOH
in calculations.
1 Strategies of control Eased on convex linear 
comEinations
A new strategy to control emissions can always be 
developed with a convex linear combination of the 
existing strategies. Let K be a number of previously 
GH¿QHGFRQWUROVWUDWHJLHVEHVLGHVHDFKVWUDWHJ\HQ-
sures compliance with the health standard in a zone 
ȍ: J׋J0. Let ȟ1, ȟ2,..., ȟK be positive constants such 
that ȟ1 + ȟ2 + ... + ȟK = 1 , and let Q*i, kEHDVXI¿FLHQW
RURSWLPDOHPLVVLRQUDWHIRXQGE\PHDQVRIWKHkth 
control strategy for the iWKVRXUFHi = 1,..., N, k = 1,...,K
Then the emission rates
UHSUHVHQWDQHZVXI¿FLHQWQRQRSWLPDOVWUDWHJ\WKDW
also guarantees compliance with the health standard 
LQWKH]RQHȍJ׋J0.
6. Control of the source that emits lead particles 
To illustrate the developed methods we now consider 
two examples in which the source emits the lead 
particles.
(xamSle 1 Let ' NPîNPEHDVTXDUH
domain, while the single point source, located at 
r0 HPLWVOHDGSDUWLFOHVZLWKHPLVVLRQUDWH
Q = 3.8 kg/h. For simplicity, we neglect the initial 
distribution of lead: ׋0r  in '7KHFRHI¿FLHQWV
of deposition and diffusion are ı = 0.001 h–1 and 
μ    NP2h–1, respectively. The non-divergent 
wind velocity U   u, v LV GH¿QHGE\ WKH VWUHDP
function ؂ = x\:
7KHGLVSHUVLRQPRGHO  DQGDGMRLQWPRGHO
DUHFRQVLGHUHGLQWKHIRXUKRXULQWHUYDOT
We will monitor the mean lead concentration J׋
LQWKH]RQHȍ >@î>@GXULQJWKHZKROH
LQWHUYDOTWKDWLVĲ K7KHVDQLWDU\QRUPLV
J0 JP–36HLQIHOG
Isolines of the concentration of lead at intervals 
RIRQHKRXUDUHSUHVHQWHGLQ)LJXUHZKLOHLVROLQHV
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of the solution gr, tRIDGMRLQWPRGHODUH
JLYHQLQ)LJXUH)LJXUHVKRZVDFOHDULQFUHDVH
in the concentration of lead when the direction of 
the wind is changed from southeast to northwest. 
Figure 8 demonstrates that during the four-hour inter-
YDOIURPt WRt WKHVWHSIXQFWLRQSr, tVKLIWV
in the direction of vector –UWKDWLVIURPQRUWKZHVW
WRVRXWKHDVWDVLWVKRXOG7KHPHDQFRQFHQWUDWLRQ
of lead J׋ FDOFXODWHG LQ ]RQHȍZLWK HPLVVLRQ
rate Q is 2.11 mg m–3. The result is unsatisfactory 
J׋!J0DQGZHZLOODSSO\DQGFRPSDUH¿YHGLI-
IHUHQWFRQWUROVWUDWHJLHVWKHFRQWUROVWUDWHJLHV
DQG ZLWKHPLVVLRQ UDWHVQi* i 
DQGWZRFRQWUROVWUDWHJLHVGH¿QHGZLWKWKHFRQYH[ 
linear combinations Q4* = 0.3 · Qi*āQ3* and 
Q* āQ2*āQ3*.
7KHPHDQOHDGFRQFHQWUDWLRQVREWDLQHGLQ]RQHȍ
ZKHQWKHPRGHOLVVROYHGZLWKHPLVVLRQUDWHV
Q1*tSUHVFULEHGE\WKH¿YHFRQWUROVWUDWHJLHVi = 
DUHVKRZQLQ7DEOH,ZKLOH)LJXUHVKRZV
the temporal behavior of Q1*t
$OO¿YHFRQWUROVWUDWHJLHVFRUUHVSRQGWRWKHOHYHO
of health, and provide an alternative to the original 
source intensity Q. However, the emission rate Q3* 
RSWLPDOFRQWURODVZHOODVWKHUDWHVQ4* and Q* 
FRQYH[ FRQWURO DUH WKHPRVW SUHIHUUHG DV WKH\
require less drastic changes in the intensity of the 
original source. Although the emission rate Q2* is 
RQO\RIWKHRULJLQDOUDWHQLQWKH¿UVWKDOIRI
the time, it coincides with the original rate Q during 
the second half of the time, and this fact can also 
be attractive. 
Note that, like the original rate Q, the optimal 
emission rate Q3LVVWDWLRQDU\LWLVRIQ7KLV
makes Q3 a simple alternative to the original indus-
trial source activity. The results show that among the 
¿YHVWUDWHJLHVWKH¿UVWVWUDWHJ\ZLWKHPLVVLRQUDWHQ1 
has the most serious consequences for the industrial 
plant activity, because it requires the work stoppage 
GXULQJRIWKHWRWDOWLPH
(xamSle 2 In this example domain ' and wind 
velocity U are the same as in Example 1. Moreover, 
the source also emits lead particles and is located 
at the same place. However, we now consider the 
four different original emission rates of the source:
)LJ Isolines of the concentration of lead ׋r, tFDOFXODWHGIRUt = 1 h, 
t = 2 h, t = 3h and t  K
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Thus, rate Q1 is constant, rate Q2 is invariable 
GXULQJ WKH ¿UVW KRXU DQG WKHQ OLQHDUO\ GHFUHDVHV
rate Q3 is a periodic function with a two-hour period, 
and rate QLVLQYDULDEOHGXULQJWKH¿UVWKRXUDQGWKHQ
linearly increases. The mean lead concentrations Ji׋
FDOFXODWHGLQ]RQHȍZLWKHDFKHPLVVLRQUDWHQii = 
DUHJP–3JP–3 JP–3 
DQGJP–3, respectively. In other words, all the 
UHVXOWVDUHXQVDWLVIDFWRU\Ji׋!J0 for any i, where 
J0 JP–3,QRUGHUWRSUHYHQWWKHYLRODWLRQRI
sanitary standards, we apply in all four cases the op-
WLPDOFRQWUROPHWKRG)LJXUHVKRZVERWKWKH
original emission rates Q1tDQGWKHRSWLPDOHPLVVLRQ
rates ToptitJLYHQE\WKHFRQWURO$VLWVKRXOGEHIRU
each i, the mean lead concentration Ji׋REWDLQHG
with the optimal emission rate ToptitFRLQFLGHVZLWK
norm J0 JP–3.
In complete agreement with the theory, Toptit
QitIRUDOOt DQGi0RUHRYHU)LJXUH
10 shows that for each i, Toptit QitGXULQJWKHODVW
KRXUt,WPHDQVWKDWWKHRSWLPDODQGRULJLQDO
emission rates coincide to each other during the time 
interval when the value gr1, tRIWKHDGMRLQWPRGHO
VROXWLRQLVHTXDOWR]HURDQGGXHWRWKHVRXUFH
emissions do not contribute to the pollution of zone 
ȍ$WODVWLWLVLQWHUHVWLQJWRQRWHWKDWLQWKHLQWHUYDO
WLQZKLFKWKHVHYDOXHVGRQRWPDWFKWKH
temporal behavior of the optimal emission rate Toptit
is similar to the time behavior of the corresponding 
original rate Qiti 7KLVUHVXOWLVXVHIXO
EHFDXVHLWPHDQVWKDWWKHRSWLPDOVWUDWHJ\GRHV
not require radical changes in the operation of an 
industrial enterprise.
7. Cleaning of polluted aquatic zones
The above-mentioned control methods have been 
illustrated with simple examples using two-dimen-
sional dispersion models. However, these methods 
can also be applied to three-dimensional dispersion 
models. We will consider now a three-dimensional 
dispersion model for expanding the application scope 
of pollution control methods to the cleaning of some 
DTXDWLF ]RQHV FRQWDPLQDWHGZLWK ELR¿OP UHPHGL-
DWLRQ RU RLO ELRUHPHGLDWLRQ ,Q WKHVH SUREOHPV
Fig. 8. Isolines of the solution of adjoint model gr, tIRUt = 3 h, t = 2 h, 
t = 1 h and t = 0.
Table I. Mean lead concentrations J׋LQȍ
Emission rate J׋JP3
Q 2.11
Q*1 
Q*2 1.18
Q*3 
Q* = 0.3 · Q*1āQ*3 
Q* āQ*2āQ*3 
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)LJ Emission rates REWDLQHGZLWK¿YHFRQWUROVWUDWHJLHVWKHDVWHULVNVLQQi*tDUH
RPLWWHG
Fig. 10. Temporal behavior of original emission rates Qit DQG
optimal emission rates ToptitLQIRXUH[SHULPHQWV
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the discharge rate of a source that emits a chemical 
substance to clean water is controlled.
71 'isSersion model
7KHFRQFHQWUDWLRQRIDFKHPLFDOVXEVWDQFHKHUHLQDIWHU
WKHFOHDQHU׋r, tŁ ׋x, \, z, tLQDGRPDLQ  
)LJDQGWLPHLQWHUYDOTLVHVWLPDWHGZLWKD
3D dispersion model (Skiba and Parra-Guevara, 
Q t
t
U  
 
 
 
 
 
 
 
Here U U t LVWKHFXUUHQWYHORFLW\WKDWVDWLV¿HV
WKHFRQWLQXLW\HTXDWLRQDQGμr, tLVWKHWXUEXOHQW
GLIIXVLRQFRHI¿FLHQW,QWKHWHUPı׋ parameterizes 
the decay of a cleaner in the water due to various phys-
ical and chemical processes, term  describes the 
process of sedimentation of the cleaner with constant 
velocity vs > 0, and įr– r0LVWKH'LUDFGHOWDFHQWHUHG
in the point of discharge of cleaner r0(TLVWKH
boundary condition at free surface STZKHUHFRHI¿-
cient ȟr, tFKDUDFWHUL]HVWKHSURFHVVRIHYDSRUDWLRQRI
FOHDQHUDQGUHSUHVHQWVWKHERXQGDU\FRQGLWLRQDW
bottom S% of domain '7KHERXQGDU\FRQGLWLRQV
DQGDWWKHODWHUDOVXUIDFHDUHLGHQWLFDOWRFRQGLWLRQV
DQGUHSUHVHQWVWKHLQLWLDOGLVWULEXWLRQRIWKH
cleaner at t = 0. Note that  is the unit outer normal to 
the boundary ' = ST  S+  S–  S% of domain ', and 
 is the unit vector directed upwards in the 
Cartesian coordinate system, besides,
k n S S
U n S S
 
$OVRQRWHWKDWFRQGLWLRQVWDNHLQWRDFFRXQW
the topography and free surface of arbitrary form.
,W LV VKRZQ LQ6NLEDDQG3DUUD*XHYDUD 
WKDWWKHWKUHHGLPHQVLRQDOSUREOHPLVZHOO
posed, that is, its solution exists, is unique and stable 
to perturbations in forcing and initial condition
 
DQGVDWLV¿HVWKHPDVVEDODQFHHTXDWLRQ
d Q t d U dS
ndSk k ndS
D D S
t
S
n
 
Since k n S k n S  , the total 
mass of the cleaner increases due to the discharge 
rate QtDQGGHFUHDVHVGXH WR WKHFKHPLFDO WUDQV-
IRUPDWLRQ DGYHFWLYHÀRZ WKURXJKS+, evaporation 
and sedimentation. 
72 2Stimal control of discKarge rates
Assume now that there are N SROOXWHG ]RQHVȍi 
i = 1,..., NLQDQDTXDWLFV\VWHPGRPDLQ'DQGZH
should purify them with the help of a chemical agent 
3DUUD*XHYDUDDQG6NLED%HLQJUHOHDVHGDWD
point )LJWKHFKHPLFDOVXEVWDQFHVSUHDGV
due to advection and diffusion, and while reaching 
WKH]RQHVȍiSXUL¿HVSROOXWHGZDWHU7KHJRDOLVWR
¿QGDQRSWLPDOSRVLWLRQRIWKHVRXUFHr0, in sense that 
the emission of the cleaning agent in such a point 
ZLOOPLQLPL]HLWVFRQVXPSWLRQWKDWLVZLOOJHQHUDWH
x
nS+
S+
S+
S+ : Un = 0
r0
Ω1
Ω2
S– : Un < 0
S+ : Un ≥ 0
S –
y
n
n
U
U
U
Fig. 11. View of the domain ' from above.
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LQWKH]RQHVȍi the minimum concentrations of the 
FOHDQLQJDJHQWQHFHVVDU\IRUZDWHUSXUL¿FDWLRQ,QD
FDVHZKHUHWKHFRQWDPLQDQWLVIDLUO\VWDEOHELR¿OP
the critical concentration  of an antimicrobial agent 
FKORULQHLRGLQHHWFPXVWEHPDLQWDLQHGLQHDFK
]RQHȍiIRUDORQJWLPHLQWHUYDOT – Ĳ, T
In other words, we have to determine the dis-
charge point r0 and the emission rate Q , which meet 
the following constraints:
J J i N
where ׋r, tLVWKHFRQFHQWUDWLRQRIDFKHPLFDODJHQW
GHWHUPLQHGE\WKHPRGHOZLWK WKHLQLWLDO
condition ׋0rŁDQGJi׋LVLWVPHDQFRQFHQWUDWLRQ
LQȍi. Furthermore, not to damage the ecology 
of the environment, one should minimize the total 
mass )QRIWKHFKHPLFDODJHQWGLVFKDUJHGLQWRWKH
water. In this connection, the optimal control problem 
is posed as follows:
The analytical and numerical solutions of this 
problem were obtained in Parra-Guevara and Skiba 

 
where  is the Gram matrix of order N whose 
entries
are the inner products of adjoint functions, and matrix 
Ȍi LVREWDLQHG IURPȌE\ UHSODFLQJ LWV ith column 
with the corresponding components of the vector 
of critical concentrations J J J . Then the 
optimal discharge point r0 is found while minimizing 
the functional.
(xamSle 3 With the aim to demonstrate the skill of 
the method, we now consider a simple example of 
remediation in a three-dimensional channel 120 m 
ORQJ>@PZLGH>@DQGPGHHS>@
H 7KHIROORZLQJWKUHH]RQHVȍi contaminated 
E\ELR¿OPVN  DUHFRQVLGHUHG
The critical concentrations of the cleaning agent 
cigm–3LQWKH]RQHVYDU\IURPRQHH[SHULPHQWWR
DQRWKHU 7DEOH ,, DQG JHQHUDWH GLIIHUHQW RSWLPDO
discharge rates Qk*)LJ7KHSDUDPHWHUVRIWKH
three-dimensional adjoint model are taken as follows: 
the velocity vector  is horizontally directed along 
the channel and is equal to , , 
μ P2h–1, ı = 1 h–1 and the processes of evaporation 
DQGVHGLPHQWDWLRQDUHQHJOHFWHG7KHFOHDQHUFKOR-
ULQHLVGLVFKDUJHGDWWKHSRLQWr0 GXULQJ
Fig. 12. Transversal section of domain '.
7DEOH ,,&ULWLFDO FKORULQH FRQFHQWUDWLRQV LQ ]RQHVȍi 
i 
k c1 c2 c3
1 0.8 0.8 0.8
2 1.0 0.8 
3  1.0 
 1.2  1.2
  1.2 
   
   
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WKHWRWDOWLPHLQWHUYDORIKTŁDQGWKH
mean concentration is controlled within the last one-
KRXULQWHUYDOieĲ K
The adjoint functions gir0, tIRUWKHWKUHH]RQHV
i DUHJLYHQLQ)LJXUH)RUWKHWKH[-
periment, the evolution of mean chlorine concentra-
WLRQLQ]RQHVȍii LVVKRZQLQ)LJXUH
while isolines of the mean chlorine concentration in 
domain 'DWWKH¿QDOPRPHQWT KDUHSUHVHQWHG
LQ)LJXUH7KHRSWLPDOGLVFKDUJHUDWHDSSOLHGLV
Fig. 13. Optimal discharge rates Tkt Qkt+k 
)LJ$GMRLQWIXQFWLRQVgir0, ti = 1, 2, 3.
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Qt,QDOOH[SHULPHQWVWKHRSWLPDOGLVFKDUJHUDWH
ZDVVXFFHVVIXOO\IRXQGZLWK
8. Conclusions
,Q WKLVZRUN WKHÀXLGG\QDPLFV LV DVVXPHG WREH
known, and the problem of dispersion of contami-
nants, governed by the advection-diffusion equation, 
LVFRQVLGHUHGVHSDUDWHO\IURPWKHÀXLGG\QDPLFV$
few methods are suggested for estimating the mean 
concentration of pollutants in ecologically sensitive 
zones and preventing their dangerous levels through 
a control of emission rates of sources. The methods 
use the adjoint approach and equivalent direct and 
adjoint estimates of pollution concentration in spe-
FL¿F]RQHV:HXVHWKHIDFWWKDWWKHDGMRLQWHVWLPDWHV
depend explicitly on the number, positions and emis-
sion rates of the sources and the initial distribution of 
pollutants in the region, and the solutions of adjoint 
problems serve in such estimates as weight function 
providing valuable information on the contribution 
of each source and initial data into the pollution of 
the zone. These properties make the adjoint estimates 
HI¿FLHQWIRUVWXG\LQJWKHPRGHOUHVSRQVHWRYDULDWLRQV
in the emission rates and initial conditions, and for 
developing control strategies. 
%RWKQRQRSWLPDOVXI¿FLHQWDQGRSWLPDOFRQWURO
strategies have been developed. The objective of each 
control strategy consists in preventing the violation 
of existing sanitary standards by means of reducing 
the emission rates of sources. Each control strategy 
)LJ(YROXWLRQRIPHDQFRQFHQWUDWLRQRIFOHDQHULQ]RQHVȍi, i = 1, 2, 3. The optimal 
discharge rate applied is Qt
)LJ,VROLQHVRIPHDQFRQFHQWUDWLRQRIQXWULHQWLQUHJLRQ'DW¿QDOPRPHQWT K7KHRSWLPDO
discharge rate applied is Qt
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is designed by using the pollution dispersion model, 
its adjoint model, and taking into account the number 
of sources to control, their locations, initial distribu-
tion of pollutant in the domain, and corresponding 
sanitary standards. The methods are illustrated by 
simple examples. The methods developed for the 
air-quality control are also applied for cleaning a few 
DTXDWLF]RQHVSROOXWHGZLWKELR¿OPUHPHGLDWLRQRU
RLOELRUHPHGLDWLRQ
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